Generalized Amicable Orthogonal Designs: Do They Exist?
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A family of m x n matrices {B;};_; with entries in the set {1,0, —1} and satisfying the
conditions

(1) BBl =1 Vi,
(2) B;B] = -B;B], i#]j,

is a generalized orthogonal design of order (m,n) and size s.
A family ({X;}5_,,{Y:},_,) where the X;’s and Y';’s are m X m matrices with elements
in {1,0, —1} and satisfy the conditions

(3) X XI'=1vYyl'=1 Vi

(4) X, XT=-X;X], i # 7,
(5) Y)Y =-Y,Y], i # J,
(6) XYl =YX Vi, j

is an amicable orthogonal design of order m and size (s,t). In [1] the following result is
proved.

THEOREM 1. Let m = 2%, where b is odd and a,b > 0. There exists an amicable orthogonal
design of order m and size (s,t) with s+t < 2a + 2, and the bound can be achieved.

Generalized amicable orthogonal designs, if they exist, are families { X ;};_; and {Y;}}_,
consisting of m x n matrices that satisfy (3)—(6). The entries are allowed to be arbitrary
complex numbers.

(a) Prove that for every m there is an n > m for which a generalized orthogonal design
exists of order (m,n) and size n.

(b) Isit true that for every m there is an n > m for which a generalized amicable orthogonal
design ({X;}5_1,{Y},_,) exists with s + ¢ = 2n?
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Status. The proposers have a solution for part (a). Part (b) is open. In other words, the open
question is whether or not the recently obtained theory of generalized orthogonal designs
extends along the same lines to one of generalized amicable orthogonal designs.



