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In the study of a variety of problems of hydrothermal optimization [1] in which the

hydroplants have a pumping capacity, functionals of the type F (z) =
∫ T
0 L(t, z(t), z′(t))dt

appear, and there arises the need to know the boundary conditions for which extremals

exist. If the extremals fλ that satisfy fλ(0) = a and f ′
λ(0) = λ constitute a central

field, the possible boundary conditions for the end point are the values of the interval:

(lim
λ→−∞ fλ(T ), limλ→+∞ fλ(T )). Hence,

lim
λ→±∞

fλ(T ) = ±∞ =⇒ ∀β ∈ R, ∃λ such that fλ(T ) = β.

If apart from assuming the monotony of {fλ}λ∈R
we assume that

|Lz(t, z, z
′)| ≤ α; z′ ≤ Lz′(t, z, z

′) ≤ Mz′ ∀z′ > 0; z′ ≥ Lz′(t, z, z
′) ≥ mz′ ∀z′ < 0,

then the well-known Du Bois-Reymond equation [2], satisfied by the extremals, enables us

to assure that for each t ∈ [0, T ], limλ→±∞ f ′
λ(t) = ±∞. However, this does not guarantee

what may seem very intuitive and which we conjecture is true: limλ→±∞ fλ(T ) = ±∞.

Conjecture. Let fλ be the extremal of the functional F (z) that satisfies the conditions

fλ(0) = a and f ′
λ(0) = λ. If

(i) λ1 < λ2 =⇒ fλ1(t) < fλ2(t) ∀ t ∈ (0, T ], and

(ii) limλ→±∞ f ′
λ(t) = ±∞ ∀ t ∈ [0, T ],

then limλ→±∞ fλ(T ) = ±∞.

Prove or disprove this conjecture. Note that if the collection {f ′
λ}λ∈R

is monotone, then

the conjecture is true simply by applying the theorem of monotone convergence. If {f ′
λ}λ∈R

is not monotone, it appears difficult to prove the conjecture or find a counterexample.
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Status. This problem is open.


