Solution of Problem 04-002 by MICHAEL RENARDY (Virginia Polytechnic Institute and State
University).

1. Left neutral element: There exists an element e;, such that e;x = x for every x.

Proof. Define e, to be a solution of e;g = g [property (ii)]. For given z, let y be such
that gy = x [property (i)]. We have ey gy = gy, hence ez = .

2. Left pseudoinverse: For every x, there exists a y such that yxz = z for every z.

Proof. Pick y such that y(xg) = ¢ [property (ii)]. Now pick u such that gu = z
[property (i)]. It follows that yzz = yrgu = gu = z.

3. Right neutral element: There exists an element ep such that zeg = = for every x.

Proof. Define ep such that geg = g [property (i)]. Next, let y be such that yr =
g [property (ii)]. Tt follows that yregr = ger = g = yx. Now let v be the left

pseudoinverse of y from step 2 above. It follows that zegp = vyzrer = vyxr = .
4. Left inverse: For every x, there exists a y such that yx = eg.
Set z = eg in step 2 above and use step 3.

5. Equality of left and right neutral element: e; = e (in particular, this implies unique-

ness of e, and eg). We henceforth use e to denote ej, = ep.
Proof. epegr = er, = eg.
6. Right inverse: If yz = e, then zy = e.

Proof. Let yxr = e. Then yxy = ey = y. Now let z be the left inverse of y. It follows
that xy = zyzry = 2y = e.

Also solved by SAID AMGHIBECH (Sainte-Foy, Quebec, Canada) and the proposer.



