A Class of Higher-Dimensional Fourier Transforms

In Problem 07-001, TAN MARTIN! poses the following question. Assume that m,n € Z*
and m > 1. Find the Fourier transform of

(em/m N efm—1/m + e*(x1+zz+---+xm—1)/m)*n'
These Fourier transforms crop up in the course of studying certain economic models.

Solution by the proposer.
We seek

e—i$1w1—izgwg—m—iwmflwmfl

Im(wla Ce ,Wm—l) = /le (exl/m 4+ ezm_l/m + 6—(x1+x2+...+xm_1)/m)n

dIl e dl’m_l,

where m and n are positive integers and m > 1.
For notational convenience, write ,, = —x1— - —Zp_1,50 >, «; = 0. Fori =1,...,m,

define

6zi/m

(2) ti =

eri/m 4 ... 4 em/m’

Note that the variables ¢; range between 0 and 1 (and, by construction, sum to 1) as the
variables {x;} range around. Furthermore, we have
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t - m - m
]:!;[ k (exl/m+..-+6xm/m) (6x1/m+...+6xm/m)

and .

= "

i (exl/m 4+ exm/m)m )
SO
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(3) e i=1,...,m.

N H;cnzl tk’

Because of the linear dependence Y ;" | t;, = 1, there are only m—1 independent variables

and t,, =1—t;, —---—t,,_1, SO we can rewrite
m—1 m—1

(4) x; =mlogt; — Zlogtk—log (1— Ztk> , i=1,....m—1.
k=1 k=1

IE-mail: ian.martin@stanford.edu



To make the change of variables specified in (2), we have to calculate the Jacobian

‘8(5131, Ce ,xm,l)
B(tr, - bt

J

From (4), 5 - s
ZT; mog;

where 0;; equals one if 7 = j and zero otherwise, so we can write

m L 1 1 i 0 1 _ 1
t1 tm t1 tm t2 tm tm—1
m 4 1 1 _ 1 . 1 _ _1
8(3:1, e ,xm_l) - t2 + tm t1 tm to tm tm—1
Otr, -t
m L 1 1 1 0 1 _ _1
tm—l tm t1 tm to tm tm—l
m 1 1 !/
t1 1 tm 31
m 1 1
t2 1 tm t2
= +
tm—1 tm tm—1
— /
=A+ef.

The last line defines the (m — 1) x (m — 1) matrix A and the (m — 1)-dimensional column
vectors e and f. The matrix A is diagonal: blanks indicate zeros. The prime symbol (')
denotes a transpose.

In order to calculate J = det (A + ef’) we can use the following result.

FacT 1 (matrix determinant lemma). Suppose that A is an invertible square matric
and that e and f are column vectors, each of length equal to the dimension of A. Then

det (A+ef)=(1+fA"e)det A.

This fact is useful in the present case because A is diagonal, so its inverse and determinant
are easily calculated. To be specific,
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det A = I and Al =

tm—1



It follows that
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We can now return to the integral I,,,. For simplicity, write IT for the product [[;", tx.
Making the substitution suggested in (2),

j / ( JTI) = (g0 /TT) =82 . (g JTT)~iom—1
" Rm—1 (ty +to + -+ + )" II/m
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m—2 n/m+iwi+-+iwm—1—miwy n/m-+tiwi +-+iwm—1—miws
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Jdty...dt, 4

.. tn/m+iwl+"'+iwm,717miw'm71 . tn/m+iw1+---+iwm_1> dtl o dtm—l
m—1 m :

t1.. . t_1tm
This is a Dirichlet integral of type 1, as discussed in [1, pp. 166-167]. As shown there, it can
be evaluated in terms of I'-functions: we have

mm—Z m—1

I, = ) T'(n/m+iwy +iws + -+ iwm_1) - HF(n/m+iw1+---+iwm_1 — Mmiwy) .
n
k=1
Defining F"(w) = I,,,/(2m)™ !, where w = (wy,...,wn_1), we have
(5) 1
. m™ 2 T (n/m 4w, +iws + - + iwWm_1) 19 , , ,
Fl'w) = @r ) H ['(n/m+iwy + - + iwpm—1 — Miwy) .

k=1
It follows from this definition of F}*(w), by the Fourier inversion theorem, that

1
(em/m + eocz/m NI e—(x1+x2+-..+xm—1)/m>”

= F'w)e™* dw .
Rm—1
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