
Three Series for 1/π2 and 1/π3

Problem 08-004, by Jonathan Borwein1 (Dalhousie University, Halifax, NS, Canada).

1. Background. Now famous types of infinite series formulas were discovered by Ra-

manujan around 1910, but these were not well-known (nor fully proven) until quite recently

when his writings were fully edited. Their proofs are based on elliptic integral or function

theory and are described at length in [2]. One of these formulas is the remarkable
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Each term of this series produces an additional eight correct digits in the result. Gosper

used this formula to compute 17 million digits of π in 1985. At about the same time, David

and Gregory Chudnovsky found the following variation of Ramanujan’s formula:
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Each term of this series produces an additional 14 correct digits. They used this formula

in several large calculations of π, culminating in 1994 with a calculation to over four billion

decimal digits. In a related way, the Ramanujan-type series
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allows one to compute the billionth binary digit of 1/π, or the like, without computing the

first half of the series.

In some fairly recent papers, J. Guillera has exhibited several new Ramanujan-style series

formulas for reciprocal powers of π, including the following [3, 5, 4]:
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where we define the function r(n) as follows:

r(n) :=
(1/2)n

n!
=

1/2 · 3/2 · · · · · (2n − 1)/2

n!
=

Γ(n + 1/2)√
π Γ(n + 1)

.

Guillera proved (4) and (5) using an ingenious application of the Wilf–Zeilberger method

[1, Chapter 3]. He ascribes series (6) to Gourevich,2 who also found it using integer relation

methods.

2. Two Problems. In [1, Chapters 2 & 3] we described a systematic hunt for other

series of this form. We recovered all known identities and found no others. Guillera also

provides other series for 1/π2 based on other Gamma function values—but here we restrict

ourselves to r(n).

No proof is known of (6), and the only proof known of (4) and (5) is, as alluded to,

computational.

Problem 1. Prove (6).

Problem 2. Prove (4) and (5) by methods other than application of the Wilf–Zeilberger

algorithm.

REFERENCES

[1] D. Bailey, J. Borwein, N. Calkin, R. Girgensohn, R. Luke, and V. Moll , Experi-

mental Mathematics in Action, A K Peters, Wellesley, MA, 2007.

[2] J. M. Borwein and P. B. Borwein, Pi and the AGM: A Study in Analytic Number

Theory and Computational Complexity, CMS Series of Monographs and Advanced

Books in Mathematics, John Wiley & Sons, Hoboken, NJ, 1987.

[3] J. Guillera, Some binomial series obtained by the WZ-method, Adv. in Appl. Math.,

29 (2002), pp. 599–603.

[4] J. Guillera, Generators of some Ramanujan formulas, Ramanujan J., 11 (2006), pp.

41–48.

[5] J. Guillera, About a new kind of Ramanujan-type series, Experiment. Math., 12

(2003), pp. 507–510.

Status. This problem is open.

2In [1] we incorrectly recorded this series by writing (1/32)2n in place of (1/8)2n.


