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Large Sparse Linear System




Automatic Differentiation (AD)

Given xg € R"™ , code to evaluate
f . Rﬂ, % Rﬂ

and n x p seed matrix 9,
generate code to evaluate matrix-matrix product

0f(x)

Ox o

X=X

Relative runtime overhead: p



Preconditioning (PC)

p
Let J(xq) = {)S) -
Rather than Jy =b
Solve M tJy =M"'b

M~ .J



Missing Connections: AD and PC

Automatic Differentiation:

* Access to complete row/column
» Access to groups of complete rows/columns

Preconditioning:

 Access to individual elements
 Access to chunks of rows/columns
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Full vs Partial
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Scientific Computing Problem

Problem BLOCK SEED:

Let .J be a sparse n X n Jacobian matrix
with known nonzero pattern and let p(J)
denote its sparsification using £ x k blocks on
the diagonal of J.

Find binary n x p seed matrix S with minimal
number of columns P such that all nonzeros
of p(J) also appearin .J-S.
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Full Coloring
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Full Coloring
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Partial Coloring

J
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Partial Coloring
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Definition: p-Orthogonality

J(:,1) structurally p-orthogonal to J(:, j)

There is no row position ¢ in which J(/,1)
and J(/, j) are nonzeros and at least one
of them belongs to p(J) .
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Definition: p-Column Intersection Graph

G, = (V,E,) associated with a pair of 1 x n
Jacobian matrices .J and p(J), where

» V =Av1,v2,...,0n} v; represents J(:,1i)

.« (vi,vj)ek, iff J(:,i)and J(:,j) are
not structurally p-orthogonal.
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Combinatorial Problem

Problem MiINIMUM BLOCK COLORING:

Find a coloring of the p-column intersection
graph G, with a minimal number of colors.

Equivalent to problem BLOCK SEED.
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Greedy Partial Coloring Heuristic
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ne < 1, colors < []
Hy(:,1) «+[0.0,....0]"
Hp(.]) (:: 1) N {0 0,... :O}T
for:=1:ndo
for j=1:n.do
condA < any(H(:,7) + p(J)(:,i) > 1)
condB < any(H ;) (:,7) + J(:,i) > 1)
if —condA and —condB then
% Assign color 7 to column ¢ of J
Hjy(:j) < Hy(g) + J(0)
H,](H_j > 1) — 1
Hyy(Hpy > 1) <1
colors < [colors  j]
Ne < max(ne, j+1)
Exit from loop over j and goto next ¢

17: p = max(colors)

18:

return p, colors
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Convergence Behavior with GMRES, ILU(O)
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Number of Nonzeros
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lterations and Colors
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Zoom Into Previous Figure
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Execution Times
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Concluding Remarks

* Formulation of a combinatorial problem
arising from preconditioning using
automatic differentiation

« Graph model encoding this situation as
a partial coloring problem

* Design of heuristic partial coloring
algorithm

» Application to case study from CFD
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