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12 Open Problems from [G&J, 1979]

•
 

Graph Isomorphism

•
 

Fixed Subgraph
 Homeomorphism

•
 

Graph Genus

•
 

Chordal
 

Graph 
Completion

•
 

Chromatic Index

•
 

Spanning Tree Parity

•
 

Partial Order Dimension

•
 

3-Processor Scheduling

•
 

Linear Programming

•
 

Total Unimodularity

•
 

Composite Number

•
 

Minimum Length 
Triangulation

In P [Khachian, 1979]

In P [Robertson-Seymour, 1986]

In P [Lovasz, 1980]

In P [Seymour, 1980]

In P [Agrawal-Kayal-Saxena, 2002]

NPC [Thomassen, 1990]

NPC [Yannakakis, 1981]

NPC [Yannakakis, 1982]

NPC [Holyer, 1981]

NPC [Mulzer-Rote, 2008]

Still Open (but unlikely to be NPC)

Still Open



3-Processor Scheduling
•

 
Given:

 
Set T of unit length tasks, partial order <<

 
on 

T, and a positive integer deadline D.

•
 

Question:
 

Can T be scheduled on 3 processors so as to 
satisfy the precedence constraints and meet the 
overall deadline D, i.e., is there a schedule σ

 
: T →

 {0,1, …, D-1} such that t <
 

t’
 

implies σ(t) < σ(t’) and such 
that for each integer i, 0 ≤i ≤

 
D-1, there are at most 

three tasks t ∈
 

T for which σ(t) = i.

•
 

Comment:
 

Polynomial-time solvable for two 
processors, NP-complete if the number of processors 
is part of the input.  Open for any fixed number of 
processors 3 or greater.  Polynomial-time solvable 
even for an arbitrary number of processors if the 
partial order is a forest



Factoring

•
 

Given:
 

Positive integers a < b ≤c.

•
 

Question:
 

Is there a factor x of c such 
that a < x < b?



The $1,000,000 question*:
 

Does P = NP?

*Clay Mathematical Institute:  http://www.claymath.org/millenium/



Progress since 1979
•

 
Still haven’t ruled out the possibility that every 
problem in NP can be solved with bounded-depth 
circuits using “AND,”

 
“OR,”

 
“NOT,”

 
and “MOD(6)”

 gates

•
 

Main advances have been proofs that certain 
approaches WON’T work to resolve the question:
–

 

Techniques that relativize, such as Diagonalization

 

and 
Simulation [Baker, Gill, Solovay, 1976]

–

 

“Natural Proofs”

 

[Razborov

 

& Rudich, 1994] (assuming one-

 way functions exist)

–

 

“Algebrization”

 

[Aaronson & Wigderson, 2008]



Flowering of Approximation 
Algorithm Research since 1990

•
 

New algorithms exploiting primal-dual 
methods, semi-definite programming, 
metric embeddings, etc.

•
 

New inapproximability
 

results based on 
interactive and probabilistically 
checkable proofs [FGLSS 1991, ALMSS, 
1992, etc.]



Now-Classic Results
•

 
Unless P = NP, neither CLIQUE nor 
CHROMATIC NUMBER can be approximated 
to a factor better than Θ(n1-ε) for any

 
ε

 
> 0.  

(Best polynomial-time algorithms known only 
guarantee O(n/polylog(n)) ratios.)

•
 

Unless NP ⊆
 

DTIME(nO(loglog(n))), no polynomial-
 time algorithm for SET COVER can guarantee 

a ratio better than (1-o(1))ln(n)
 

[Feige
 

1998]. 
(The Greedy algorithm gets solutions no worse 
than ln(n)

 
time optimal [Johnson 1974, Lovasz

 1975].)



Conjectures Used in 
Inapproximability

 
Results



Assuming the Unique Games Conjecture:

•
 

The classic factor-of-2 algorithm for 
VERTEX COVER is essentially best possible.

•
 

The Goemans-Williams “semidefinite
 programming + rounding”

 
algorithm for MAX-

 CUT, with its worst-case ratio of 
min0<Θ ≤π

 

((π(1-cos(Θ))/(2Θ)) ~ 1.138 is also 
best possible.

•
 

Many other similar results



The Unique Games Conjecture



My Favorite Open Problems
•

 
Asymmetric Traveling Salesman:
–

 
Is there a polynomial time approximation 
algorithm that has a o(log(n))

 
worst-case 

ratio for instances obeying the triangle 
inequality?

•
 

Bin Packing:
–

 
Is there a polynomial time algorithm that 
never uses more than k

 
bins in excess of the 

optimal number for some fixed k?  (so far 
we haven’t even ruled out k=1)


	NP-Completeness and Approximation Algorithms
	12 Open Problems from [G&J, 1979]
	3-Processor Scheduling
	Factoring
	The $1,000,000 question*:��Does P = NP?
	Progress since 1979
	Flowering of Approximation Algorithm Research since 1990
	Now-Classic Results
	Conjectures Used in Inapproximability Results
	Assuming the Unique Games Conjecture:
	The Unique Games Conjecture
	My Favorite Open Problems

