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The Kronecker Product

B ® C is a block matriz whose ¢j-th block is b;,;C'

b.g.

[bn b12] oo b11C | b12C
bo1 b22 by C'| bonC

Also called the “Direct Product” or the “Tensor Product”



Every b;;c; Shows Up

b11 512]
X
[521 b29

C11 €12 €13
C21 €22 €23
| €31 €32 C33

brici1 biicia briciz | biacir biacia b1ocis
biicor  bi1cog  biicas | biacor  biacoo  biacos
bricz1  bricza  briess | biacst bioczy  biocss
borc11 borcia borci3 | boocir baocia boocis
bo1co1  bo1cog  bo1co3 | boocor  boocoy  boocos
borc3r  bo1c3a boress | boocgr  booczy boocss




Basic Algebraic Properties

(B )l — Bl wct
(B®C)~! - B lgCc!
(BRC)D®F) = BD®CF
BR(C®D) = (B®C)®D

C®DB — (Perfect Shuffle)! (B @ C)(Perfect Shuffle)



Reshaping KP Computations

Suppose B, C' € IR"*"™ and z € R

The operation y = (B ® C)z is O(n*):

y = kron(B,C)*x

The operation Y = CX B! is O(n?):

y = reshape(C*reshape(x,n,n)*B’,n,n)
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The 1800’s
@



Products and Deltas

Leopold Kronecker (1823-1891)



The Kronecker Delta: Not as Interesting!

U6V = |dij
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Scandal!

H.V. Henderson, F. Pukelsheim, and S.R. Searle (1983). “On
the History of the Kronecker Product,” Linear and Multilinear
Algebra 14, 113-120.

Abstract

History reveals that what is today called the Kro-
necker product should be called the Zehfuss Product.

This fact is somewhat appreciated by the modern (numerical) linear algebra community:
R.J. Horn and C.R. Johnson(1991). Topics in Matriz Analysis, Cambridge University Press, NY, p. 254,

A.N. Langville and W.J. Stewart (2004). “The Kronecker product and stochastic automata networks,” J.
Computational and Applied Mathematics 167, 429-447.



Let’s Get to the Bottom of This!

o j&‘lf % BRITNEY’S 16-YEAR-OLD SISTER'S

4{PRECNANCY BOMESHELL!

. Stars Ex-Lovers

TELL-ALL

History Reveals That
What is Today Called
The Kronecker Product
Should Be Called
The Zehfuss Product




Who Was Zeyfuss?

Born 1832.

Obscure professor of mathematics at University of Heidelberg for
a while. Then went on to other things.

Wrote papers on determinants...

G. Zeyfuss (1858). “Uber eine gewasse Determinante,” Zeitscrift
fur Mathematik und Physik 3, 298-301.



Main Result a.k.a. “The Z Theorem?”

If B e IR™*™ and C € IR"*" then

det (B® C) = det(B)"det(C)™

Proof: Noting that I, ® B and [,,, ® C' are block diagonal, take determinants in
B®C = (B®I,)I,®C) = P(,® B)P'(I, ®C)

where P is a perfect shuffle permutation.



a1 Ay
a1 A9
asAq
as. Ao
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as Ay
ag A

Zehfuss(1858)

a1
a159
ao 31
asl59
azBi
a3B9
asl51

asBo

b1 A4
b1As
bo Ay
by Ao
b3Aq
b3 A9
by Ay
by A2

b1 B
b152
boB1
bo 52
b3B1
b3 35
by 51
b4 52

c1.Aq
c1 A2
coAq
co A9
c3 A1
c3 A9
cy Al
cq A9

c1Bq
159
colBq
col59
cs3l51
c3B9
cyl51

cy By

di1Aq
d1 Az
do Ay
da Az
d3 Ay
d3.As
dyAy
dy Ao

d1B1
d1 B2
doBq
daB2
d3B
ds B35
d4BBy
d B
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Hensel (1891)

Student in Berlin 1880-1884.

Maintains that Kronecker presented the Z-theorem in his lectures.

K. Hensel (1891). Uber die Darstellung der Determinante eines Systems, welsches
aus zwel a irt ist,” ACTA Mathematica 14, 317-319.



The 1900’s
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Muir (1911)

Attributes the Z-theorem to Zehfuss.

Calls det(B ® C) the “Zehfuss determinant.”

T. Muir (1911). The Theory of Determinants in the Historical Order of
Development, Vols 1-4, Dover, NY.



Rutherford(1933)

“On the Condition that Two Zehfuss Matrices are Equal”

777
BRC — F®G

If B (my, X ng), C (me X ne), F (my Xng), G (mg X ng),
then (B® C);; = (F® G);j means

B(floor(i/m.),floor(j /n¢)) - C'(¢ mod me, 7 mod ng)

F(floor(i/mg), floor(j/ng)) - G(i mod mg, 7 mod ng)



Van Loan(1934)

“On the Condition that Two Square Zehfuss Matrices are Equal”

777
BRC — F®G

[
U, BV}, = diag(o;(B))

Uf CV,. = diag(c;(C))
then
UbTFVb = « - diag(o;(F))

1
U GV, = ~ - diag(0;(G))



Heightened Profile Beginning in the 60s

Some Reasons:

Regular Grids

Tensoring Low Dimension Ideas
Higher Order Statistics

Fast Transforms
Preconditioners

Numerical Multi-linear Algebra




Regular Grids

(M +1)-by-(N +1) discretization of the Laplacian on a rectangle...

A=1yuQTNy + Ty Iy




Tensoring Low Dimension Ideas

b n
[ yde x> wi s = ol
¢ i=1

b1
// fxy, )dx dy dz ~ Yyy:wz w] wk f(xi, 95, 21)
al

1=1 7=1 k=1

= (W@ @uw¥ @uw )T fzey® 2)



Higher Order Statistics

Kronecker powers:

RFA = AQA® - ® A (k times)



Fast Transforms

FFT
Fi6 P16
1 0
0 1
By =11
0 1

LT

1 0

0 wy B
1 0 “n =

0 —wy |

e (1) me (1)

Bi6(lo ® Bg)(1y ® By)(Ig ® Bo)

exp(—27mi/n)



Preconditioners

If A~ B®C(C, then B ® (' has potential as a preconditioner.

[t captures the essence of A.

[t is easy to solve (B® C)z =7,

Best Example: A band block Toeplitz with banded Toeplitz blocks.
B and C' chosen to be band Toeplitz.

Nagy, Kamm, Kilmer, Perrone, others



Tensor Decompositions/Approximation

Given A = A(1:n, 1:n, 1:n, 1:n), find orthogonal

=la - an
U= :ul un
V = :vl vn:
W = :wl wn}

and a “core tensor’ o so

n
vec(A) ~ Z Ojjk 0 Wi QU QU qy
1,7,k (=1
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Offspring

. The Left Kronecker Product

. The Hadamard Product

. The Tracy-Singh Product

. The Khatri-Rao Product

. The Generalized Kronecker Product

. The Symmetric Kronecker Product

. The Bi-Alternate Product



Left Kronecker Product

Definition:

Left
B &

Fact:

C11 €12

€21 €22

011l3 012l3

co1 B c»oB

If BeIR"™*™ and C € IR™<*"c then

Left

B® (C = Tt

e, TR

C®DB

(B ® C)Hnm npTe
T Pertect Shuffles |



The Hadamard Product

Definition:
 biy big ] . 11 c19 | - biicir brocyo
a
Doy boo | @ | €91 c29 | = | borcor  boocoo
D31 D32 | 31 €32 | | D31031  b3ac3o

Had
B&® C = B.x(C




Fact:

[fA =

°)

The Hadamard Product

B® C and B,C € IR™*" | then

Had
B ® (C =
] I C11
X | ¢
i | C31

~

C12

C22

C32

A(L:(m4+1):m?, 1:(n+1)m?)

biicii biicia | biacin biacoo
biicar  biicoa | biacar  biacao
biicsi  biicsa | biacs1 biacso
barci1 barcia | baacin bogcyo
batcor  barcaa | baacar  boocoo
barcs1  barcsa | baacsr  boacso
baici1 b3icia | bsacin  bsacro
baicor  b3icoa | b3acar  b3acao
baiczi b31c32 | b3ac3r  D3ac3o




The Tracy-Singh Product

Definition:

B ® Cyy

Bi11 ® Cy

B11 ® Chy

B11 ® Oy

B ® Cyy

Bi1o ® Cy;

C112
C122

Bis ® Chg

B ® Oy

By ® Chy
By ® Cyy

By ® Chg
By ® Cyy

By ® Cy
By ® Cyy

By ® Chg
Bas ® Coyy

B3 ® Cyy

B3 ® Oy

B3 ® Chg

B3 ® Oy

Bsy ® Cy

Bss ® U9y

Bss ® Chg

Bss ® Oy |




The Khatri-Rao Product

Definition:
[ By B | [ O Cho
B = | By Dy C = | Cy Cyp
| B3 B3 | | O3 O

B11 ® C11 | Bia ® Chg

K-R
B ®C = By ® Cyy | Bag ® Coyy

| B31 ® C31| Bgy @ C




Fact:

The Khatri-Rao Product

KR
B &

C

B ® Cpy
B ® Cy

B ® Cs

B11 ® Chy
B11 ® Cy

B11 ® Csy

TS

By ® Cyy
Bio ® Cy

B ® Cs

i1s a submatrixof B ® (C

Bis ® Chy
Bias ® Cy

Bis ® Csy

By ® Chy
By ® Oy

By ® Cs

By ® Chg
By ® Cyy

By ® Csy

By ® C;
By ® Cyy

By ® Cl3;

By ® Chg
By ® Coy

By ® Cs

B3 ® Cy
B3 ® Cy

B3 ® Csy

B3 ® Chg
B3 ® Cy

B3 ® Csy

Bsy ® Cy
Bsy ® Cyy

Bsy ® Cl3

B3y ® Chg
B3y ® Coyg

B3y ® Csy




The Generalized Kronecker Product

Regalia and Mitra (1989), “Kronecker Products, Unitary Matrices, and Signal
Processing Applications,” SIAM Review, 31, 586—613.

Left

Bl Y C(l,)
Left
(B, ) B, ® C(2,:)
B gen
g @C =
3
Left
\ B4 } B3 ® C(S, :)

Left

B4 X C<4, )]




The Generalized Kronecker Product

( B ) {g;}%cl
B, | cen [

S = R < >
B3 CH B o
\B4) {Bi}(g)CQ




The Symmetric Kronecker Product

Kronecker Product turns matrix equations into vector equations:

cxB! = @ & (B® C) vec(X) = vec(G)

The symmetric Kronecker product does the same thing for matrix
equations with symmetric solutions:

1 (CXBY"+BXCT) = G (symmetric)

-

sym

(B ® C)svec(X) = svec(G)

where

11 T1p T3 T
Svec L12 L22 L23 - [5611 V2r1y 99 V2113 V2193 5533}

| L13 X23 L33




Symmetric Kronecker Product

Fact:
If

a=1/V2

v

|
oo oo oo oo
OO oo oD o o
O oo o RO OoOO
OO oo oD oo
O O cocooc oo
—_ 00000 OO o

then vec(X) = P - svec(X) and

sym

B® C = P(BCO)P



Bi-Alternate Product

B®C = -(B®C + C® B)

DO | —

W. Govaerts, Numerical Methods for Bifurcations of Dynami-
cal Equilibria, STAM.



The 2000’s

Three Predictions



Big N Will Mean Big d Will Mean KP

A — [an a12] % [bn bu] D & [211 212]
a1 a2 bo1 D22




Think Scalar Think Block Think Tensor

If for all 1 < m; < n we have,

B(mq,mo, ms, my)

n
> Wi, m)Y (ig, mo) X (ig, m3) Z(ig, my) A(iy, ia, i3, is)

11,12,13,14=1

then
B=WeY)VAX®2Z)



Data-Sparse Approximate Factorizations

A~ (B ®@C)(By®Ch)(B3® C3) - -




Det(Log(A))

A~ (B&C)D®E)F®G)---

nelog(det(B)) + ny log(det(C))
log(det(A)) = mnelog(det(D)) + nylog(det(E))
ng log(det(F')) + nylog(det(G)) - -

_|_
) +
)

See Zehfuss (2058).



