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The concept of two-stage (linear) stochastic

programming problem with recourse

Min
x∈X

c · x+ E[Q(x, ξ)], (1)

where X = {x : Ax = b, x ≥ 0}, c · x denotes

the scalar product of vectors c, x ∈ Rn, and

Q(x, ξ) is the optimal value of the second stage

problem

Min
y
qTy s.t. Tx+Wy = h, y ≥ 0, (2)

with ξ = (q, T,W, h). (By bold script like ξ

we sometimes denote random variables to dis-

tinguish them from a particular realization ξ.)

The feasible set X can be finite, i.e., integer

first stage problem. Both stages can be integer

(mixed integer) problems.

Suppose that the probability distribution P of

ξ has a finite support, i.e., ξ can take val-

ues ξ1, ..., ξK (called scenarios) with respective

probabilities p1, ..., pK. In that case

1



EP [Q(x, ξ)] =
K∑
k=1

pkQ(x, ξk),

where

Q(x, ξk) = inf {qk · yk : Tkx+Wkyk = hk, yk ≥ 0} .

It follows that we can write problem (1)-(2) as

one large linear program:

Min
x,y1,...,yK

c · x+
∑K
k=1 pk(qk · yk)

subject to Ax = b,
Tkx+Wkyk = hk, k = 1, ...,K,
x ≥ 0, yk ≥ 0, k = 1, ...,K.

Multistage models Let ξt be a random process.

Denote ξ[1,t] = (ξ1, .., ξt) the history of the pro-

cess ξt up to time t. The values of the decision

vector xt, chosen at stage t, may depend on the

information ξ[1,t] available up to time t, but not

on the future observations. The decision pro-

cess has the form

decision(x0) observation(ξ1) decision(x1) 
... observation(ξT ) decision(xT ).
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There are several ways how this decision pro-

cess can be made precise. Nested formulation

of a linear multistage stochastic programming

problem with recourse:

Min
A1x1=b1
x1≥0

c1 · x1 + E
{

Min
B2x1+A2x2=b2

x2≥0

c2 · x2+

· · ·+ E
[

Min
BTxT−1+ATxT=bT

xT≥0

cT · xT
]}
.

Here ξt = (ct, Bt, At, bt), t = 2, ..., T, is consid-

ered as a random process, ξ1 = (c1, A1, b1)

is supposed to be known, and xt = xt(ξ[1,t]),

t = 2, ..., T, are supposed to be functions of the

history of the process up to time t. If the num-

ber of realizations (scenarios) of the process ξt
is finite, then the above problem can be writ-

ten as one large linear programming problem.

In that respect it is convenient to represent the

random process in a form of scenario tree.
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Dynamic programming equations. Consider

the “last stage” linear program of the multi-

stage problem:

Min
xT

cT · xT s.t. BTxT−1 +ATxT = bT , xT ≥ 0.

The optimal value of this problem depends on

xT−1 and data ξT = (cT , BT , AT , bT ), and is de-

noted QT (xT−1, ξT ). At stage t = T − 1, ...,2

we consider the optimal value Qt(xt−1, ξ[1,t]) of

the problem

Min
xt

ct · xt + E
[
Qt+1(xt, ξ[1,t+1])

∣∣∣∣ξ[1,t]

]
s.t. Btxt−1 +Atxt = bt, xt ≥ 0.

(3)

At the first stage we obtain the problem:

Min
x1

c1 · x1 + E [Q2(x1, ξ2)]

s.t. A1x1 = b1, x1 ≥ 0.
(4)

The expectation in (3) is conditional on the

history of the process ξt up to time t. If the

process is Markovian, then this expectation de-

pends only on ξt, and hence the cost-to-go

function Qt(xt−1, ξt) is a function of xt−1 and

ξt.
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• How difficult is to solve two-stage prob-
lems?

• What about multistage problems?

Consider stochastic optimization problem:

Min
x∈X

{
f(x) := EP [F (x, ξ)]

}
,

where ξ is a random vector having probability
distribution P , F (x, ξ) is a real valued function
and X ⊂ Rn. If P has a finite support (i.e.,
finite number ξ1, ..., ξK of scenarios), then

EP [F (x, ξ)] =
K∑
k=1

pkF (x, ξk).

However, the number K of scenarios grows ex-
ponentially with dimension of the data ξ. For
example, if d random components of ξ are in-
dependent, each having just 3 possible real-
izations, then the total number of scenarios
K = 3d. No computer in a foreseeable fu-
ture will be able to handle calculations involv-
ing 3100 scenarios.
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Monte Carlo sampling approach
Let ξ1, ..., ξN be a generated (iid) random sam-
ple drawn from P and

f̂N(x) := N−1
N∑
j=1

F (x, ξj)

be the corresponding sample average function.
By the Law of Large Numbers, for a given x ∈
X, we have f̂N(x) → f(x) = EP [F (x, ξ)] w.p.1
as N →∞.

Notoriously slow convergence of order Op(N−1/2).
By the Central Limit Theorem

N1/2
[
f̂N(x)− f(x)

]
⇒ N(0, σ2(x)),

where σ2(x) := Var[F (x, ξ)]. In order to im-
prove the accuracy by one digit the sample size
should be increased 100 times. Good news:
rate of convergence does not depend on the
number of scenarios, only on the variance σ2(x).
The accuracy can be improved by variance re-
duction techniques. However, the rate of the
square root of N (of Monte Carlo sampling es-
timation) cannot be changed.
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Monte Carlo sampling optimization
Two basic philosophies: interior and exterior
Monte Carlo sampling. In interior sampling
methods, sampling is performed inside a cho-
sen algorithm with new (independent) samples
generated in the process of iterations (e.g.,
Higle and Sen (stochastic decomposition), In-
fanger (statistical L-shape method), Norkin,
Pflug and Ruszczynski (stochastic branch and
bound method)).

In the exterior sampling approach the true prob-
lem is approximated by the sample average ap-
proximation problem:

(SAA) Min
x∈X

f̂N(x) := N−1
N∑
j=1

F (x, ξj)

 .
Once the sample ξ1, ..., ξN ∼ P is generated,
the SAA problem becomes a deterministic op-
timization and can be solved by an appropriate
algorithm.

Difficult to point out an exact origin of this
method. Variants of this approach were sug-
gested by a number of authors under different
names.
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Advantages of the SAA method:

• Ease of numerical implementation. Often

one can use existing software.

• Good convergence properties.

• Well developed statistical inference: valida-

tion and error analysis, stopping rules.

• Easily amendable to variance reduction tech-

niques.

• Ideal for parallel computations.

The idea of common random numbers gener-

ation. Suppose that X = {x1, x2}. Then the

variance of N1/2
[
f̂N(x1)− f̂N(x2)

]
is:

Var[F (x1, ξ)]+Var[F (x2, ξ)]−2Cov[F (x1, ξ), F (x2, ξ)].

It can be much smaller than

Var[F (x1, ξ)] + Var[F (x2, ξ)]

when the samples are independent.
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Notation

v0 is the optimal value of the true problem
S0 is the optimal solutions set of the true problem
Sε is the set of ε-optimal solutions of the true problem
v̂N is the optimal value of the SAA problem
ŜεN is the set of ε-optimal solutions of the SAA problem
x̂N is an optimal solution of the SAA problem

Convergence properties

Vast literature on statistical properties of the

SAA estimators v̂N and x̂N :

Consistency. By the Law of Large Numbers,

f̂N(x) converge (pointwise) to f(x) w.p.1. Un-

der mild additional conditions, this implies that

v̂N → v0 and dist(x̂N , S
0) → 0 w.p.1 as N →∞.

In particular, x̂N → x0 w.p.1 if S0 = {x0}.
(Consistency of Maximum Likelihood estima-

tors, Wald (1949)).

Central Limit Theorem type results.

v̂N = min
x∈S0

f̂N(x) + op(N
−1/2).

In particular, if S0 = {x0}, then

N1/2[v̂N − v0] ⇒ N(0, σ2(x0)).
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These results suggest that the optimal value of

the SAA problem converges at a rate of
√
N .

In particular, if S0 = {x0}, then v̂N converges

to v0 at the same rate as f̂N(x0) converges to

f(x0).

If S0 = {x0}, then under certain regularity con-

ditions, N1/2(x̂N − x0) converges in distribu-

tion. (Asymptotic normality of M-estimators,

Huber (1967)).

The required regularity conditions are that the

expected value function f(x) is smooth (twice

differentiable) at x0 and the Hessian matrix

∇2f(x0) is positive definite. This typically hap-

pens if the probability distribution P is contin-

uous. In such cases x̂N converges to x0 at the

same rate as the stochastic approximation it-

erates calculated with the optimal step sizes

(Shapiro, 1996).
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Large Deviations type bounds.
Let Y1, ..., YN be an iid sequence of random
variables, and ZN := 1

N

∑N
j=1 Yj. Then (the

upper bound of Cramér’s LD theorem)

P(ZN ≥ z) ≤ exp
{
−NI(z)

}
for z > µ, where µ := E[Y ] and

I(z) := sup
t∈R

{
tz − Λ(t)

}
,

Λ(t) := logM(t) and M(t) := E[etY ] is the mo-
ment generating function. Assume that M(t)
is finite valued for all t in a neighborhood of
zero (if M(t) = +∞ for any t 6= 0, then I(z) ≡
0 and hence the above upper bound trivially
holds). Note that Λ(t) is convex, Λ′(0) = µ
and Λ′′(0) = σ2, where σ2 := Var[Y ]. The rate
function I(z) is convex, I ′(µ) = 0, I ′′(µ) =
σ−2, and I(z) attains its minimum at z = µ.
Consequently,

I(z) =
(z − µ)2

2σ2
+ o(|z − µ|2),

and I(z) > 0 for any z 6= µ. Note that if Y ∼
N(µ, σ2), then

M(t) = exp{µt+ σ2t2/2}

and hence I(z) = (z−µ)2
2σ2 .
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If

M(t) ≤ exp{µt+ σ2t2/2},

then I(z) ≥ (z−µ)2
2σ2 and hence for z ≥ µ,

P(ZN ≥ z) ≤ exp

{
−N(z − µ)2

2σ2

}
.

If distribution of Y is supported on a bounded
interval [a, b], then for z ≥ µ (Hoeffding’s in-
equality):

P(ZN ≥ z) ≤ exp

{
−N(z − µ)2

(b− a)2/2

}
.

Uniform LD bounds.
Let X be a subset of Rn of finite diameter
D := supx′,x∈X ‖x′−x‖, ξ1, ..., ξN be an iid sam-
ple from a distribution supported on Ξ ⊂ Rd.
Suppose that: (i) there is a constant σ > 0
such that

Mx(t) ≤ {σ2t2/2}, ∀t ∈ R, ∀x ∈ X,
where Mx(t) is the moment generating func-
tion of the random variable F (x, ξ)− f(x), (ii)
there is a constant L > 0 such that∣∣∣F (x′, ξ)−F (x, ξ)

∣∣∣ ≤ L‖x′−x‖, ∀ξ ∈ Ξ, ∀x′, x ∈ X.
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Then for any γ > 0,

P
{
supx∈X

∣∣∣f̂N(x)− f(x)
∣∣∣ ≥ γ

}
≤
(
O(1)DL

γ

)n
exp

{
−Nγ2

16σ2

}
.

Note that if x̂N is a δ-optimal solution of the

SAA problem and supx∈X
∣∣∣f̂N(x)− f(x)

∣∣∣ < γ,

then x̂N is an ε-optimal solution of the true

problem with ε = γ + δ. Now choose ε > 0,

δ ∈ [0, ε) and α ∈ (0,1). Then, for γ := ε − δ,

by solving(
O(1)DL

γ

)n
exp

{
−
Nγ2

16σ2

}
≤ α,

we obtain that for sample size

N ≥
O(1)σ2

(ε− δ)2

[
n log

(
O(1)DL

(ε− δ)2

)
+ log

(
1

α

)]
we are guaranteed that with probability at least

1−α any δ-optimal solution of the SAA problem

is an ε-optimal solution of the true problem.
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If the set X is finite, then the corresponding
estimate of the sample size becomes (under
the assumption (i)):

N ≥
2σ2

(ε− δ)2
log

(
|X|
α

)
.

Example Let F (x, ξ) := ‖x‖2k−2k
(
ξTx

)
, where

k ∈ N and

X := {x ∈ Rn : ‖x‖ ≤ 1}.

Suppose, that ξ ∼ N(0, σ2In). Then f(x) =
‖x‖2k, and for ε ∈ [0,1], the set of ε-optimal
solutions of the true problem is

{x : ‖x‖2k ≤ ε}.

Let ξ̄N := (ξ1+ ...+ξN)/N . The corresponding
sample average function is

f̂N(x) = ‖x‖2k − 2k
(
ξ̄TNx

)
,

and x̂N = ‖ξ̄N‖−γ ξ̄N , where γ := 2k−2
2k−1 if ‖ξ̄N‖ ≤

1, and γ = 1 if ‖ξ̄N‖ > 1. Therefore, for ε ∈
(0,1), the optimal solution of the SAA problem
is an ε-optimal solution of the true problem iff
‖ξ̄N‖ν ≤ ε, where ν := 2k

2k−1.
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We have that ξ̄N ∼ N(0, σ2N−1In), and hence

N‖ξ̄N‖2/σ2 has the chi-square distribution with

n degrees of freedom. Consequently, the prob-

ability that ‖ξ̄N‖ν > ε is equal to the probability

P
(
χ2
n > Nε2/ν/σ2

)
.

Moreover, E[χ2
n] = n and the probability P(χ2

n >

n) increases and tends to 1/2 as n increases.

Consequently, for α ∈ (0,0.3) and ε ∈ (0,1),

for example, the sample size N should satisfy

N >
nσ2

ε2/ν
(5)

in order to have the property: “with probability

1 − α an (exact) optimal solution of the SAA

problem is an ε-optimal solution of the true

problem”. Note that ν → 1 as k →∞.
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Suppose that the true problem is convex piece-
wise linear. That is:
(i) the distribution P has a finite support,
(ii) for almost every ξ the function F (·, ξ) is
piecewise linear and convex,
(iii) the feasible set X is polyhedral (i.e., is de-
fined by a finite number of linear constraints).

Suppose also that the optimal solutions set S0,
of the true problem, is nonempty and bounded.

Then :
(1) W.p.1 for N large enough, x̂N is an exact
optimal solution of the true problem. More
precisely, w.p.1 for N large enough, the set
ŜN of optimal solutions of the SAA problem is
nonempty and forms a face of the (polyhedral)
set S0.

(2) Probability of the event {ŜN ⊂ S0} tends
to one exponentially fast. That is, there exists
a constant γ > 0 such that

lim
N→∞

1

N
log

[
1− P (ŜN ⊂ S0)

]
= −γ.

(Shapiro & Homem-de-Mello, 2000)
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The idea of repeated solutions.

Solve the SAA problem M times using M inde-

pendent samples each of size N . Let v̂(1)
N , ..., v̂

(M)
N

be the optimal values and x̂(1)
N , ..., x̂

(M)
N be opti-

mal solutions of the corresponding SAA prob-

lems. Probability that at least one of x̂
(i)
N ,

i = 1, ...,M is an optimal solution of the true

problem is 1− pMN where

pN := P (x̂N 6= x0) ≈ CN−1/2e−Nγ.

and hence

pMN ≈ (CN−1/2)Me−NMγ.

Cutting plane (Benders cuts, L-shape) type al-

gorithms. Empirical observation: on average

the number of iterations (cuts) does not grow,

or grows slowly, with increase of the sample

size N . From theoretical point of view it con-

verges to the respective number of the true

problem.
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Validation analysis

How one can evaluate quality of a given solu-

tion x̂ ∈ S? Two basic approaches:

(1) Evaluate the gap f(x̂)− v0.

(2) Verify the KKT optimality conditions at x̂.

Statistical test based on estimation of f(x̂)−v0

(Norkin, Pflug & Ruszczynski 98, Mak, Mor-

ton & Wood 99):

(i) Estimate f(x̂) by the sample average f̂N ′(x̂),

using sample of a large size N ′.

(ii) Solve the SAA problem M times using M

independent samples each of size N . Let

v̂
(1)
N , ..., v̂

(M)
N be the optimal values of the cor-

responding SAA problems. Estimate E[v̂N ] by

the average M−1∑M
j=1 v̂

(j)
N . Note that

E
[
f̂N ′(x̂)−M−1∑M

j=1 v̂
(j)
N

]
=(

f(x̂)− v0
)
+
(
v0 − E[v̂N ]

)
,

and that v0 − E[v̂N ] > 0. For ill-conditioned

problems the bias v0 − E[v̂N ] can be large.
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The bias v0−E[v̂N ] is positive and (under mild

regularity conditions)

lim
N→∞

N1/2
(
v0 − E[v̂N ]

)
= E

[
max
x∈S0

Y (x)

]
,

where (Y (x1), ..., Y (xk)) has a multivariate nor-

mal distribution with zero mean vector and co-

variance matrix given by the covariance matrix

of the random vector (F (x1, ξ), ..., F (xk, ξ)). For

ill-conditioned problems this bias is of order

O(N−1/2) and can be large if the ε-optimal

solution set Sε is large for some small ε ≥ 0.

Common random numbers variant: generate a

sample (of size N) and calculate the gap

f̂N(x̂)− inf
x∈X

f̂N(x).

Repeat this procedure M times (with indepen-

dent samples), and calculate the average of

the above gaps. This procedure works well for

well conditioned problems, does not improve

the bias problem.
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KKT statistical test Let

X := {x ∈ Rn : ci(x) = 0, i ∈ I, ci(x) ≤ 0, i ∈ J} .
Suppose that the probability distribution is con-
tinuous. Then F (·, ξ) is differentiable at x̂ w.p.1
and

∇f(x̂) = EP [∇xF (x̂, ξ)] .

KKT-optimality conditions at an optimal solu-
tion x0 ∈ S0 can be written as follows:

−∇f(x0) ∈ C(x0),

where

C(x) :=

y =
∑

i∈I∪J(x)
λi∇ci(x), λi ≥ 0, i ∈ J(x)

 ,
and J(x) := {i : ci(x) = 0, i ∈ J}. The idea of
the KKT test is to estimate the distance

δ(x̂) := dist (−∇f(x̂), C(x̂)) ,

by using the sample estimator

δ̂N(x̂) := dist
(
−∇f̂N(x̂), C(x̂)

)
.

The covariance matrix of ∇f̂N(x̂) can be esti-
mated (from the same sample), and hence a
confidence region for ∇f(x̂) can be constructed.
This allows a statistical validation of the KKT
conditions. (Shapiro & Homem-de-Mello 98).
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Complexity of multistage stochastic

programming

Consider the following T–stage stochastic pro-

gramming problem

Min
x1∈G1

F1(x1) + E
[

inf
x2∈G2(x1,ξ2)

F2(x2, ξ2)+

E
[
· · ·+ E

[
inf

xT∈GT (xT−1,ξT )
FT (xT , ξT )

]]]
driven by the random data process ξ2, ..., ξT .

Here xt ∈ Rnt, t = 1, ..., T , are decision vari-

ables, Ft : Rnt × Rdt → R are continuous func-

tions and Gt : Rnt−1×Rdt ⇒ Rnt, t = 2, ..., T , are

measurable multifunctions, the function F1 :

Rn1 → R and the set G1 ⊂ Rn1 are determinis-

tic. We assume that the set G1 is nonempty.

For example, in linear case Ft(xt, ξt) := 〈ct, xt〉,
G1 := {x1 : A1x1 = b1, x1 ≥ 0},

Gt(xt−1, ξt) := {xt : Btxt−1 +Atxt = bt, xt ≥ 0} ,

ξ1 := (c1, A1, b1) is known at the first stage

(and hence is nonrandom), and ξt := (ct, Bt, At, bt),

t = 2, ..., T , are data vectors some (all) ele-

ments of which can be random.
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Conditional sampling: let ξi2, i = 1, ..., N1, be

an iid random sample of ξ2. Conditional on

ξ2 = ξi2, a random sample ξ
ij
3 , j = 1, ..., N2, is

generated and etc. The obtained scenario tree

is considered as a sample average approxima-

tion of the true problem. Note that the total

number of scenarios N =
∏T−1
t=1 Nt.

For T = 3, under certain regularity conditions,

for ε > 0 and α ∈ (0,1), and the sample sizes

N1 and N2 satisfying

O(1)
[(

D1L1
ε

)n1
exp

{
− O(1)N1ε

2

σ2
1

}
+(

D1L3
ε

)n1
(
D2L2
ε

)n2
exp

{
− O(1)N2ε

2

σ2
2

} ]
≤ α,

we have that any ε/2-optimal solution of the

SAA problem is an ε-optimal solution of the

true problem with probability at least 1− α.

In particular, suppose that N1 = N2. Then the

required sample size N1 = N2:

N1 ≥
O(1)σ2

ε2

[
(n1 + n2) log

(
DL

ε

)
+ log

(
O(1)

α

)]
.
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Risk Analysis

Min-max approach to stochastic programming:

Min
x∈X

{
f(x) := sup

µ∈A
Eµ[F (x, ω)]

}
,

where A is a set of probability measures (dis-

tributions). This approach was already consid-

ered in Záčková (1966).

Optimization of mean-risk models:

Min
x∈X

ρ[Fx(ω)],

where ρ : Z → R∪{+∞} is a risk function, Z is

a (linear) space of “allowable” functions Z(ω)

and Fx(·) ∈ Z for all x ∈ X

Markowitz’s approach:

ρ(Z) := E[Z] + cVar[Z], Z ∈ Z,

where c > 0 is a weight constant.
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Axiomatic approach (coherent measures of risk),

by Artzner, Delbaen, Eber, Heath (1999):

(A1) Convexity:

ρ(αZ1 + (1− α)Z2) ≤ αρ(Z1) + (1− α)ρ(Z2)

for all Z1, Z2 ∈ Z and α ∈ [0,1].

(A2) Monotonicity: If Z1, Z2 ∈ Z and Z2 ≥ Z1,

then ρ(Z2) ≥ ρ(Z1).

(A3) Translation Equivariance: If a ∈ R and

Z ∈ Z, then ρ(Z + a) = ρ(Z) + a.

(A4) Positive Homogeneity:

ρ(αZ) = αρ(Z), Z ∈ Z, α > 0.

Space Z is paired with a linear space Y of finite

signed measures on (Ω,F) such that the scalar

product (bilinear form)

〈µ,Z〉 :=
∫
Ω
Z(ω)dµ(ω)

is well defined for all Z ∈ Z and µ ∈ Y. Typical

examples Z := Lp(Ω,F , P ) and Y := Lq(Ω,F , P ),

where p, q ∈ [1,+∞] such that 1/p+ 1/q = 1,

and P is a probability (reference) measure on

(Ω,F).
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Dual Representation of Risk Functions

By Fenchel-Moreau theorem if ρ is convex (as-

sumption (A1)) and lower semicontinuous, then

ρ(Z) = supµ∈A {〈µ,Z〉 − ρ∗(µ)} ,

where

ρ∗(µ) = supZ∈Z {〈µ,Z〉 − ρ(Z)} ,
A := dom(ρ∗) = {µ ∈ Y : ρ∗(µ) < +∞} .

Now, condition (A2) (monotonicity) holds iff

µ � 0 for every µ ∈ A. Condition (A3) (trans-

lation equivariance) holds iff µ(Ω) = 1 for ev-

ery µ ∈ A. If ρ is positively homogeneous, then

ρ∗(µ) = 0 for every µ ∈ A. If conditions (A1)–

(A4) hold, then A is a set of probability mea-

sures and

ρ(Z) = supµ∈AEµ[Z].

Consequently, problem Minx∈X ρ[F (x, ω)] is equiv-

alent to the min-max problem.

In various forms the dual representation was derived

in Artzner, Delbaen, Eber, Heath (1999), Föllmer and

Schied (2002), Rockafellar, Uryasev and Zabarankin (2003),

Ruszczyński and Shapiro (2004).
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Example Mean-variance risk function (c > 0):

ρ(Z) := E[Z]+ cVar[Z], Z ∈ Z := L2(Ω,F , P ).

Dual representation:

ρ(Z) = supζ∈Z,E[ζ]=1

{
〈ζ, Z〉 − (4c)−1Var[ζ]

}
.

Satisfies conditions (A1) and (A3), does not

satisfy (A2) and (A4).

Example Mean-upper-semideviation risk func-

tion of order p ∈ [1,+∞):

ρ(Z) := E[Z] + c ψp(Z), Z ∈ Z := Lp(Ω,F , P ),

c ≥ 0 and

ψp(Z) :=
(

EP
{[
Z − EP [Z]

]p
+

})1/p
.

Then ρ satisfies (A1),(A3),(A4), and also (A2)

(monotonicity) if c ≤ 1. The max-representation

ρ(Z) = sup
ζ∈A

∫
Ω
Z(ω)ζ(ω)dP (ω)

holds with

A =
{
ζ : ζ = 1 + h−

∫
Ω
hdP, ‖h‖q ≤ c, h ≥ 0

}
.
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Recall that the (primal) optimizatiom problem

can be written in the form

Min
x∈X

sup
µ∈A

Eµ[F (x, ω)].

A point (x̄, µ̄) ∈ X ×A is a saddle point of the

above problem if

x̄ ∈ argminx∈X Eµ̄[F (x, ω)]

and

µ̄ ∈ argmaxµ∈AEµ[F (x̄, ω)].

Note that argmaxµ∈AEµ[F (x̄, ω)] = ∂ρ(Z̄),

where Z̄(·) := F (x̄, ·).

Theorem. Suppose that F (·, ω) is convex (for

all ω ∈ Ω), x̄ is an optimal solution of the pri-

mal problem and ρ is subdifferentiable at Z̄.

Then there exists a saddle point (x̄, µ̄). Con-

sequently, the optimal value of the primal prob-

lem is equal to the optimal value, and x̄ is an

optimal solution, of the problem

Min
x∈X

Eµ̄[F (x, ω)].
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Two-stage stochastic programs

Suppose that the function F (x, ω) is given by

the optimal value of the second stage problem:

Min
y∈G(x,ω)

g(x, y, ω),

where g : Rn × Rm ×Ω → R is a random lower

semicontinuous function and G : Rn × Ω ⇒
Rm is a closed valued measurable multifunc-

tion. For example (linear two stage program),

G(x, ω) := {y : T (ω)x+W (ω)y = h(ω), y ≥ 0}
and g(x, y, ω) := cTx+ q(ω)Ty.

Then, for a fixed x ∈ X,

ρ(F (x, ω)) = infy(·)∈G(x,·) ρ[g(x, y(ω), ω)],

and hence the the first stage problem is equiv-

alent to the problem

Minx∈X, y(·)∈M ρ[g(x, y(ω), ω)]
subject to y(ω) ∈ G(x, ω) a.e. ω ∈ Ω.

How this can be extended to a dynamic process

(multistage programming)?
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Conditional Risk Mappings

(Ruszczyński and Shapiro (2004))

Let F1 ⊂ F2 be sigma algebras of subsets of

a set Ω, and Z1 ⊂ Z2 be linear spaces of real

valued functions φ(ω), ω ∈ Ω, measurable with

respect to F1 and F2, respectively. We say

that a mapping ρ : Z2 → Z1 is a conditional

risk mapping if the following properties hold:

(A1) Convexity: if t ∈ [0,1] and Z1, Z2 ∈ Z2,

then

tρ(Z1) + (1− t)ρ(Z2) � ρ[tZ1 + (1− t)Z2].

(A2) Monotonicity: if Z2 � Z1, then ρ(Z2) �
ρ(Z1).

(A3) Translation Equivariance: if Z1 ∈ Z1 and

Z2 ∈ Z2, then

ρ(Z2 + Z1) = ρ(Z2) + Z1.

The inequalities in (A1) and (A2) are under-

stood componentwise, i.e., Z2 � Z1 means

that Z2(ω) ≥ Z1(ω) for every ω ∈ Ω.

Example: ρ(Z) := E[Z|F1], Z ∈ Z2.
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Dual Representation
Let ρ be a lower semicontinuous, positively ho-
mogeneous conditional risk mapping. Then

[ρ(Z)](ω) = sup
µ∈A(ω)

Eµ[Z], Z ∈ Z2,

where A : Ω ⇒ PY2|F1
and PY2|F1

is the set of
probability measures ν ∈ Y2 such that for every
B ∈ F1 it holds that ν(B) = 1 if ω ∈ B, and
ν(B) = 0 if ω 6∈ B.
Example Let Zi := L1(Ω,Fi, P ) and Yi :=
L∞(Ω,Fi, P ), i = 1,2. For ε1 > 0 and ε2 > 0,

ρ(Z) := E[Z|F1] + Φ(Z|F1), Z ∈ Z2,

where
[
Φ(Z|F1)

]
(ω) is equal to

inf
A∈Z1

E
{
ε1[A− Z]+ + ε2[Z −A]+

∣∣∣F1

}
(ω).

For ε1 ≤ 1, ρ is a continuous, positively homo-
geneous conditional risk mapping with

A(ω) =

{
(1 + h)fω : −ε1 ≤ h(ω) ≤ ε2, a.e. ω,

E[hfω|F1] = 0

}
,

where fω(·) is the conditional density of P with
respect to F1. For ε1 = 1, ρ(·) can be viewed
as an extension of the Conditional Value at
Risk function.
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Conditional Expectation Representation
Let I be a family of probability measures on
(Ω,F2). Then

[ρ(Z)](ω) := sup
ν∈I

Eν[Z|F1](ω)

is a positively homogeneous conditional risk
mapping, provided it is well defined. Con-
versely, under certain regularity conditions, a
positively homogeneous conditional risk map-
ping can be represented in the above form.

Dynamic Programming Equations
Suppose that there are: a sequence of sigma
algebras F1 ⊂ F2 ⊂ · · · ⊂ FT , with F1 = {∅,Ω},
Z1 ⊂ · · · ⊂ ZT a corresponding sequence of lin-
ear spaces of Ft-measurable functions,
ρZt|Zt−1

: Zt → Zt−1 a sequence of conditional
risk mappings, a sequence Gt : Rnt−1 ×Ω⇒ Rnt
of Ft-measurable multifunctions, t = 1, ..., T .
Note that since the sigma algebra F1 is trivial,
Z1 = R, G1 ⊂ Rn1 is constant, and the com-
posite mapping

ρT := ρZ2|Z1
◦ · · · ◦ ρZT |ZT−1

: ZT → Z1

is a risk function.
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Consider the following multi-stage problem:

Min
X∈M

ρT
[
F1(X1) + F2(X2) + · · ·+ FT (XT )

]
s.t. Xt(ω) ∈ Gt(Xt−1(ω), ω), t = 1, ..., T,

where
[
Ft(Xt)

]
(ω) := Ft(Xt(ω), ω), M := M1×

· · ·×MT , and Mt, t = 1, ..., T , are linear spaces

of Ft-measurable functions Xt : Ω → Rnt. Note

that the decision process Xt is adapted to the

filtration Ft, i.e., Xt(ω) is Ft-measurable, t =

1, ..., T .

Dynamic programming equations:

[VT (xT−1)](ω) = inf
xT∈GT (xT−1,ω)

FT (xT , ω),

and for t = T − 1, ...,2,

[Vt(xt−1)](ω) =

inf
xt∈Gt(xt−1,ω)

{
Ft(xt, ω) + [ρZt+1|Zt(Vt+1(xt))](ω)

}
.

The first-stage problem:

Min
x1∈G1

{
Q2(x1) := ρZ2|Z1

(V2(x1))
}
.
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Example of financial planning

We want to invest an amount of W0 in n assets,

xi, i = 1, ..., n, in each. That is,

W0 =
∑n
i=1 xi. (6)

Suppose that we can rebalance our portfolio

at several, say T , periods of time. That is,

at the beginning we choose values xi0 of our

assets subject to the budget constraint . At

the period t = 1, ..., T , our wealth is

Wt =
∑n
i=1 ξitxi,t−1,

where ξit = (1 + Rit) and Rit is the return of

the i-th asset at the period t. Our objective is

to maximize ρT (W1 + ...+WT ) subject to the

balance constraints∑n
i=1 xit = Wt, xt ≥ 0,

Wt+1 =
∑n
i=1 ξi,t+1xit,

t = 0, ..., T − 1.
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Suppose that the random process ξt, t = 1, ..., T ,

is between stages independent, i.e., ξt is inde-

pendent of (ξ1, ..., ξt−1). Then the problem can

be solved in a myopic way by solving at each

stage the problem

Max
W,xt−1

ρt(W )

s.t. W =
∑n
i=1 ξitxi,t−1,∑n

i=1 xi,t−1 = 1,
xi,t−1 ≥ 0, i = 1, ..., n.
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